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We study an elliptic system subject to periodic boundary conditions arising from
the study of vortex-condensates for a selfdual non-relativistic model introduced by
Dunne et al., Phys. Rev. D. 43, 13321345 (1990) in the framework of ChernSimons
gauge theory. We prove the existence of a vortex-condensate for all values of the
relevant physical parameters involved in the model. This completes a recent work
of Spruck and Yang [16] who could deal only with a restricted set of those para-
meters. Uniqueness is also discussed.  1997 Academic Press
INTRODUCTION
One of the most important aspects of (2+1) ChernSimons gauge theory,
is reflected upon the corresponding static solutions (vortices) which result
to be charged both electrically and magnetically. In view of this feature,
ChernSimons vortex solutions have attracted much attention in recent
years as they are believed relevant in several aspects of theoretical physics
(e.g. critical high-temperature superconductivity, quantum hall effect
etc.).
However, from a mathematical point of view, the presence of the Chern
Simons term causes some serious difficulties when studying the relative
EulerLagrange equations. So far rigorous results have been obtained only
for those models enriched by a self-dual structure.
For instance, we mention that, for the selfdual model proposed by Hong
et al. [6], and Jackiw and Weinberg [9] an almost complete analysis of
the corresponding ChernSimons vortex-solutions is now available, see
[14], [15], [21], [3] and [18].
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Unfortunately, to achieve selfduality [6] and [9] ignore the Maxwell
term and consider a system whose electrodinamics is solely governed by the
ChernSimons term.
Thus, a great effort in this direction has been that of producing selfdual
ChernSimons theories, comprehensive of both Maxwell and ChernSimons
term.
We refer to the recent monograph of Dunne [4] for an exhaustive
bibliography.
Here we consider the selfdual model of Dunne et al. [5]. Following the
work of Lee et al. [11] and Jackiw and Pi [7, 8], the authors in [5]
propose a non-relativistic model where selfduality is achieved by introduc-
ing a neutral scalar field into the system, while keeping both the Maxwell
and ChernSimons term.
We shall be concerned with the existence of doubly periodic vortex
solutions (condensates), known in the theory of superconductivity as the
Abrikosov’s mixed states and already obtained by Olesen [13] for Jackiw
and Pi’s model [7, 8].
We complete a recent result of Spruck and Yang [16] by showing that
the model in [5] admits a condensate solution for all possible values of the
physical parameters there involved and for every prescribed set of zeroes of
the Higgs-scalar. In [16] such a result was established only for a restricted
set of those parameters.
In analogy with the classical vortex theory [20], we also show that the
zero-set of the Higgs scalar uniquely determines the corresponding conden-
sate solution provided that the mass mA of the gauge field is suitably
restricted (according to the prescribed zero-set), while the mass m of the
Higgs field may be arbitrary.
1. NON-RELATIVISTIC MAXWELLCHERNSIMONS
CONDENSATE SOLUTIONS
In this section we introduce the model in [5], derive the corresponding
selfdual problem and state our main result.
Let R1, 2 be the (2+1)-dimensional Minkowski space with metric tensor
g:, ;=diag(1, &1, &1) used, in the usual way, to lower and raise indices.
In the framework of abelian gauge theory, the gauge potential A=&iA: dx:
(a connection over the principle bundle R1, 2_U(1)) is assigned by
prescribing smooth real functions A: over R1, 2, :=0, 1, 2; while the Higgs
scalar  (a section over the associated bundle R1, 2_C) is a smooth complex
valued function.
The covariant derivative DA=D: dx: corresponding to A is defined by
setting: D:=:&(ic) A: with :=0, 1, 2 and c=speed of light.
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Consequently, the Maxwell field FA (curvature) is given by
FA=&
i
2
F:; dx: 7 dx;
with F:, ;=: A;&;A: , and :, ;=0, 1, 2.
Denote by * the complex conjugate of , so that \=* gives the
(Higgs) particle’s density.
The non-relativistic MaxwellChernSimons model introduced in [5] is
defined by the Lagrangean action density
L(A, , N)=&
1
4e2
F:; F :;+
k
4
=:;# F:; A#+
1
2e2
:N :N
&
1
2e2
m2A c
2 N2+*i(0+iA0) &
1
2m
(Di)* (Di)
&
e2
8m2c2
\2&
k
|k| \1+
mA
2m+ \N,
where N is a neutral scalar field which takes real values, &e is the electron
charge, k{0 is the ChernSimons coupling constant, m>0 is the mass of
the Higgs particle, mA>0 is the mass of the field A and the neutral field
N and the LeviCivita tensor =:;# is fixed by setting =0, 1, 2=1.
Notice that the Lagrangean L reflects the U(1)-gauge symmetry via the
transformations
A0  A0 , Aj  Aj&
1
c
 jw j=1, 2;   e(ic) w, N  N (1.1)
with w=w(x1 , x2) a smooth function independent of the time variable
t=x0 . Motivated by the selfdual approach used for (static) energy-mini-
mizer solutions of [2], [6] and [9], one seeks static solutions of the field
equations corresponding to L subject to the selfdual ansatz:
(D1+iD2)=0.
This requires the ChernSimons constant k to be negative (k=&|k| ) and
A0=N. While, the equations of motion corresponding to Aj j=1, 2 and N
become
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(2&m2A c
2)N+
mAc
|k| \1+
mA
2m+ || 2=0{1 A2&2 A1+ mA2m|k| || 2&mAcN=0 (1.2)
D1+iD2 =0,
see [5].
To obtain the desired condensate solutions, we need solutions of (1.2) to
satisfy suitable ’t Hooft periodic boundary conditions that take into account
the gauge invariance (1.1).
More precisely, following [16] we take our periodic cell domain to be
0=[x=(x1 , x2) # R2 : x=s1a1+s2a2 , 0<s1, s2<1]
(a1 , a2 two linearly independent vectors in R
2) with boundary
0=11 _ 12 _ [a1+12] _ [a2+11] _ [0, a1 , a2 , a1+a2 ],
where 1k=[x # R2 : x=sk ak , 0<sk<1] k=1, 2. We require Aj j=1, 2
and N to satisfy
A0(x+ak)=A0(x)
\Aj&1c  j |k+ (x+ak)=\Aj&
1
c
j |k + (x) j=1, 2{N(x+ak)=N(x) (1.3)e(ic) |k (x+ak)(x+ak)=e(ic) |k (x)(x)
x # 11 _ 12 " 1k k=1, 2
with |1 and |2 real valued smooth functions.
Furthermore, since  is single valued, we must have that the difference
between the values of |1 and those of |2 when approaching the relative
corners of 0 along the different sides of the boundary must add up to
2? cn, with a suitable integer n (vortex number).
Consequently, the second condition in (1.3) yields to a quantization
effect on the magnetic flux 8 as it results
8=|
0
F1, 2 dx=|
0
A1 dx1+A2 dx2=2? cn
n # N.
On the other hand, the presence of the ChernSimons term LC } S=
(k4) =:;# F:; A# into the lagrangean L, results on a modified GaussLaw
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connecting the total electric charge Q with the magnetic flux 8 through the
relation: Q=k8 (see [5]), and so Q=&2?c |k| n.
As well known, (see [10]) the integer n can be also characterized as the
number of zeroes of the Higgs scalar  in 0 counted according to their
multiplicity.
Concerning problem (1.2), (1.3) we have:
Theorem 1. Let p1 , ..., pk be fixed points in 0 and n1 , ..., nk # N " [0]
with kj=1 nj=n. Problem (1.2) subject to the boundary condition (1.3)
admits a solution (A, , N) such that,  vanishes exactly at p1 , ..., pk with
multiplicity n1 , ..., nk respectively, and the corresponding values of the
magnetic flux and electric charge are given by; 8=2?cn, Q=&2?c |k| n.
Furthermore, there exists a constant #=#( p1 , ..., pk , n1 , ..., nk)>0 (depending
only the points p1 , ..., pk # 0 and their multiplicity n1 , ..., nk) such that, if
0<mA<# then the given solution is unique for every m>0.
Remark 1.1. Theorem 1 extends recent work of Spruck and Yang [16]
where the existence part of our result is established under the further
assumption that, 2mA mc2<*1 with *1 the first positive eigenvalue of &2
in H1(0).
Also, concerning uniqueness, we have a more complete result than [16]
where a smallness condition is required on the quantity cmA m.
Observe that, in order to ensure uniqueness, the smallness of mA in terms
of the zero set of  is a reasonable assumption as it is suggested by a recent
result of Struwe and Tarantello [17] (see section 4 for details).
As already pointed out in [16], it is reinforced here the interesting fact
that, for every region, the given system can accomodate any number of
vortices even though they all carry charges of same sign.
2. THE CORRESPONDING (PERIODIC) ELLIPTIC BOUNDARY
VALUE PROBLEM
In this section, we use an approach introduced by Taubes [19] in order
to reduce problem (1.2)(1.3) to an elliptic system subject to periodic
boundary conditions.
To this purpose notice that from the third equation in (1.2) we derive
that, up to a nonvanishing multiplying factor,  is holomorphic in 0 and
F1, 2=1 A2&2 A1=&
c
2
2 ln || 2 in 0"[ p1 , ..., pk]
(see [19]).
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Consequently, if we require
|(x)| 2=|x& pj | 2nj as x  pj j=1, ..., k,
then, in terms of the new unknown U=ln || 2, the first two equations in
(1.2) reduce to
{
2N=m2Ac
2N&
mA c
|k| \1+
mA
2m+ eU
2U=
mA
m |k| c
eU&2mAN+4? :
k
j=1
nj $pj ,
(2.1)
where $p is the Dirac distribution concentrated at p.
Upon solving (2.1) under doubly periodic boundary conditions on 0,
we can reconstruct the desired solution  of (1.2) and (1.3) by setting
(x)=exp
1
2 \U+2i :
k
j=1
nj arg
x& pj
|x& pj |+ .
Notice that, the apparent arbitrarity in the definition of  merely reflects
the gauge invariance (1.1) of the given problem.
From our construction, it is not difficult to check that  ln  is in fact
smooth on 0, so we can also recover the A1 and A2 components of our
gauge potential A by the third equation in (1.2) which may be written
A1+iA2=&2ic  ln .
In other words, we have reduced problem (1.2)(1.3) to solve the elliptic
system (2.1) subject to the doubly periodic boundary condition on 0:
N(x+ak)=N(x)
U(x+ak)=U(x) x # 11 _ 12 " 1k k=1, 2.
Equivalently, if we denote by w the unique solution for
&2w=
4?n
|0|
&4? :
n
j=1
$pj
{|0 w=0 (2.3)w doubly periodic on 0
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and let U=v+w, then in terms of the new unknowns (v, N) we obtain
2N=m2A cN&
mAc
|k| \1+
mA
2m+ ew+v on 0{2v= mAm |k| c ew+v&2mAN+4?n|0| on 0 (2.4)N, v doubly periodic on 0.
Upon integration over 0, (2.4) imposes the constraints:
|
0
ew+v=2? |k| cn and |
0
N=2?n \ 1mA +
1
2m+ .
Thus, if we set,
v=u+ln \2? c |k| n0 ew+u + with | 0 u=0
and
&N=T&
2?n
|0| \
1
mA
+
1
2m+ , with |0 T=0
we can pose problem (2.4) in terms of the unknowns (u, T ) as follows:
2T=m2Ac
2T+2? mA c2 \1+mA2m+\
ew+u
0 e
w+u&
1
|0|+ on 0
{2u=2mAT+2?n mAm \ ew+u0 ew+u& 1|0|+ on 0 (2.5)|
0
T=0=|
0
u ; (u, T) doubly periodic on 0.
We will establish Theorem 1 by proving the following results for (2.5).
Theorem 2.1 (Existence). Problem 2.5 admits a (smooth) solution for
every choice of m, mA , c>0 and n # N " [0]. K
Theorem 2.2 (Uniqueness). There exists an universal constant # depend-
ing only on w (and in particular on |0|, the points p1 , ..., pk # 0 and n1 , ..., nk # N)
such that if 0<cmA<# then, for every m>0, the solution of problem (2.5)
is unique. K
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Remark 2.1. In [16] existence for (2.4) was established via an iteration
scheme that required the additional assumption 2mAmc2<*1; while uniqueness
was shown to hold for sufficiently small values of cmA m.
Working with the equivalent formulation (2.5) we are able to obtain
suitable a priori estimates which enable us to complete the results in [16]
as stated by theorem 2.1 and 2.2.
3. THE PROOF OF THEOREM 2.1
Denote by
L p*(0)=[u # L
p
loc(R
2) : u is doubly periodic with lattice cell domain 0]
p1, the Banach space equipped with the norm: &u&p=(0 |u|
p)1p.
Set
E={u : u, |{u| # L2*(0) and |0 u=0=/H 1(0),
which defines a Banach space with norm &u&=&{u&2 .
We start by recalling the following well known result:
Lemma 3.1. Let f # L1*(0) with 0 f=0. If z # L
1
*(0) satisfies
{
&2z= f in the sense of distribution
|
0
z=0,
then for every p1, z # L p*(0) and &z&pCo & f &1 for suitable constant
C0>0 depending on 0 and p only.
Proof. Denote by G=G(x, y) the Green’s function of &2 on 0 subject
to periodic boundary condition on 0 and such that
|
0
G(x, y) dy=0 a.e. x # 0.
We have
G(x, y)=
1
2?
ln
1
|x& y|
+#(x, y)
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with #, the regular part of G, smooth in 0 _0 . Thus, for every y # 0,
w( y)=
1
2? |0 ln
1
|x& y|
f (x) dx+|
0
#(x, y) f (x) dx
and we derive the estimate
|w( y)|
1
2? |0 |ln |x& y| | | f (x)| dx+C1 & f &1 \y # 0 ;
C1>0 suitable constant.
At this point the conclusion follows by Yang’s inequality. K
Another simple but useful inequality is included in the following:
Lemma 3. Let w be defined in (2.3). Then ew # C(0 ). Furthermore,
|
0 \
ew+u1
0 e
w+u1
&
ew+u2
0 e
w+u1+ (u1&u2) dx0, \u1 , u2 # H1(0).
In particular,
|
0 \
ew+u
0 e
w+u&
ew
0 e
w+ u0, \u # H 1(0).
Proof. Since, w(x) admits a singularity of the type ln |x& pj | as x  pj ,
and it is periodic, we may easily conclude that ew # C(0 ). Thus, in view
of MoserTrudinger inequality [1], 0 e
w+u is well defined for every
u # H 1(0) and we have
|
0 \
ew+u1
0 e
w+u1
&
ew+u2
0 e
w+u2+ (u1&u2)=|0 dx |
1
0
d
dt
ew+tu1+(1&t) u2
0 e
w+tu1+(1&t) u2
(u1&u2) dt
=|
1
0
dt _ e
w+tu1+(1&t) u2
0 e
w+tu1(1&t) u2
(u1&u2)2 dx
&\|0
ew+tu1+(1&t) u2
0 e
w+tu1+(1&t) u2
(u1&u2) dx+
2
& .
At this point, the conclusion follows by Jensen’s inequality. K
Next, we prove the crucial a priori estimates for solutions of (2.5).
For reasons that will became clear in the following section, we derive
those estimates explicitly in terms of the constants m, mA and c.
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Theorem 3.1. There exists a constant #=#(w)>0 depending on w only,
such that every solution (u, T) of (2.5) satisfies
(a) &u&#
mA mc2
- 1+2m2c2&1
(b) &T&#mA c2 \1+mA2m+ e#(mAmc2  - 1+2m2c2&1)2.
Proof. In the sequal, # denotes any positive constant, (possibly different)
depending only on w (and in particular on |0| and n). Observe that (2.5)
can be rewritten equivalently as follows:
{
&2T=2mA mc2T&c2 \m+mA2 + 2u
&2u=4?n \ e
w+u
0 e
w+u&
1
|0|+&
2
mAc2
2T u, T # E.
(3.1)
Therefore we can apply Lemma 3.1 to the second equation in (3.1) with
z=u&(2mA c2) T, f=4?n((ew+u0 e
w+u)&(1|0| )) and p=2, to derive
"u& 2mAc2 T"
2
2
#0n2,
#0>0 depending on 0 only.
In particular we have
&4 |
0
uT#0n2c2mA . (3.2)
Multiplying both the equations in (3.1) by u and integrating over 0 we
obtain
|
0
{u } {T&c2 \m+mA2 + &{u&22=2mAmc2 |0 Tu
(3.3)
&
2
mAc2 |0 {u } {T+&{u&
2
2=4?n |
ew+u
0 e
w+u u.
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Thus, from (3.3), we may use Lemma 3.2 and (3.2) to derive
2m
mA
&{u&22=&4m |
0
Tu&4?n |
0 \
ew+u
0 e
w+u&
ew
0 e
w+ u&4?n | e
w
0 e
w u
#0n2c2mAm+
4?n
0 e
w &e
w&2 &u&2
#mA \mc2+ 1{m++
{m
mA
&{u&22
for any choice of 0<{<2 and a suitable constant #>0 depending only
on w. Consequently,
&u&2 inf
0<{<2
#
m2A
m
1
2&{ \mc2+
1
{m+=# \
c2mAm
- 1+2m2c2&1+
2
(3.4)
and (a) is established.
To obtain (b), multiply the first equation in (2.5) by T and integrate
over 0, then
&{T&22=&m
2
Ac
2 &T&22&2? nc
2mA \1+mA2m+ |0
ew+u
0 e
w+u T

2?n
|0|
c2mA \1+mA2m+ &ew& &eu&2 &T&2
#mA c2 \1+mA2m+ &eu&2 &T& (3.5)
note that we have used Jensen’s inequality to derive: 0 e
w+u|0|.
At this point, recall MoserTrudinger inequality [l] that, for every =>0
small, gives an universal constant C= such that for every u # E and for every
p1, it holds
&eu&pC= e( p16?&=) &{u&
2
2. (3.6)
Thus, in view of (3.4), (3.5) and (3.6) we conclude
&T&#mA c2 \1+mA2m+ e#((c 2mAm- 1+2c 2m2&1)) 2
for suitable # depending only on w, and hence on p1 , ..., pk # 0 and n1 , ..., nk # N.
K
Proof of Theorem 2.1. Denote by K : E  E the compact operator given
by the inverse of &2 on E.
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For every s # [0, 1], let Fs=E_E  E_E be the operator defined as
follows: Fs=(Id+Ks, 1 , Id+Ks, 2) with
Ks, 1(u, T)=(smA)2 c2K(T )+2?nsmAc2 \1+smA2m + K \
ew+u
0 e
w+u&
1
|0|+
Ks, 2(u, T)=2mAsK(T )+2?n
smA
m
K \ e
w+u
0 e
w+u&
1
|0|+ .
Note that, Ks, 1 and Ks, 2 : E  E are compact operators and Fs(u, T )=0 if
and only if (u, T ) solves (2.5) with mA replaced by smA , s # [0, 1].
Denote by BR the closed ball in E_E with center the origin and radius
R. In virtue of Theorem 3.1, if
R>#mAc2 _\1+mA2m+ e#((mAmc 2 - 1+2m2c 2&1))2+
m
- 1+2m2c2&1&+1
then for every s # [0, 1], it is well defined the LeraySchauder degree of Fs
in zero with respect to BR and
deg(Fs=1 , BR , 0)=deg(Fs , BR , 0)=deg(Fs=0 , BR , 0)
=deg(Id, BR , 0)=1.
See [12].
Thus, the equation
Fs=1(u, T )=0
admits, at least, a solution and we obtain the desired conclusion. K
4. THE PROOF OF THEOREM 2.2
Let (u1 , T1) and (u2 , T2) be two solutions of (2.5) (or equivalently (3.1)).
Set, S=T1&T2 and z=u1&u2 .
Assume that z{0. By the second equation in (2.5) we have
2z=2mAS+2?n
mA
m \
ew+u1
0 e
w+u1
&
ew+u2
0 e
w+u2+ . (4.1)
306 GABRIELLA TARANTELLO
File: DISTIL 333413 . By:DS . Date:02:12:97 . Time:11:05 LOP8M. V8.B. Page 01:01
Codes: 2283 Signs: 754 . Length: 45 pic 0 pts, 190 mm
Multiplying (4.1) by z and integrating over 0, by lemma 3.2, we obtain:
&{z&22=&2mA |
0
Sz&2?n
mA
m |0 \
ew+u1
0 e
w+u1
&
ew+u2
0 e
w+u2+ (u1&u2)

2mA
*1
&{S& &{z& ;
that is,
0<&z&
2mA
*1
&S& (4.2)
We treat separately the case m(mA 2) and m<(mA 2). Assume first that
0<m<
mA
2
. (4.3)
By the first equation in (3.1) we have
&2S=2mA mc2S&c2 \m+mA2 + 2z.
Multiplying by S this equation and integrating over 0, in view of (4.2) and
(4.3), we obtain
&{S&22=2mAmc
2 &S&22+c
2 \m+mA2 + |0 {S } {z
2
*1
mAmc2 &{S&22
+c2 \m+mA2 + &{z&2 &{S&2<
3
*1
m2A c
2 &{S&22;
that is, m2A c
2>(*1 3).
Thus, from now on we assume that
m2A c
2
*1
3
and m
mA
2
. (4.4)
Notice that, using (4.4) in Theorem 3.1, for every t # [0, 1], it results in
&tu1+(1&t) u2 &2# \ mAmc
2
- 1+2m2c2&1+
2
=# \mA2m+
2
(- 1+2m2c2+1)2
# \1+m
2
A
2
c2+1+
2
# \1+*16 +1+
2
:=#1
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and #1 depends only on w. In particular, by MoserTrudinger inequality
(3.6) we derive
&etu1+(1&t) u2&pC= e( p16?&=) #1, (4.5)
\p1 and \t # [0, 1].
Furthermore, by means of the first equation in (2.5) we get
&{S&22=&m
2
A c
2 |
0
S2&2?nmA c2 \1+mA2m+ |0 \
ew+u1
0 e
w+u1
&
ew+u2
0 e
w+u2+ S
&2?nmA c2 \1+mA2m+ |0 dx |
1
0
d
dt \
ew+tu1+(1&t) u2
0 e
w+tu1+(1&t) u2+ S dt
=&2?nmA c2 \1+mA2m+ |
1
0
dt _|0
ew+tu1+(1&t) u2
0 e
w+tu1+(1&t) u2
Sz dx
&\|0
ew+tu1+(1&t) u2
0 e
w+tu1+(1&t) u2
z+ \|0
ew+tu1+(1&t) u2
0 e
w+tu1+(1&t) u2
S)&

2?n
|0|
mAc2 \1+mA2m+ &ew& _ \|
1
0
&etu1+(1&t) u2&3 dt+ &S&3 &z&3
+\|
1
0
&etu1+(1&t) u2&2 dt+
2
&S&2 &z&2&#2m2A c2 e#2 &{S&22 (4.6)
with #2>0 a suitable constant (depending on w only). Notice that, to
derive (4.6) we have used (4.2), (4.4), (4.5) and Jensen’s inequality to get
0 e
w+tu1+(1&t) u2|0|, \t # [0, 1].
Thus, the desired conclusion follows by taking #2=min[(*13), (e&#2#2)].
K
In concluding, we point out that it may not be reasonable to expect
uniqueness for (2.5) (or equivalently (3.1)) for large values of mA . In fact,
we expect that the limiting character of (3.1) as mA  + is captured by
the equation
{
&2u=* \ e
w+u
0 e
w+u&
1
|0|+
|
0
u=0, u periodic
(4.7)
with *=4?n. But problem (4.7) with w=0 is known to admit multiple
solutions for suitable *>8?, see [17].
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